ABSTRACT. We study b 1 (M ), the co-rank of the fundamental group of a smooth closed connected manifold M . We calculate this value for the direct product of manifolds. We characterize the set of all possible combinations of b 1 (M ) and the first Betti number b 1 (M ) by explicitly constructing manifolds with any possible combination of b 1 (M ) and b 1 (M ) in any given dimension. Finally, we apply our results to the topology of Morse form foliations. In particular, we construct a manifold M and a Morse form ω on it for any possible combination of b 1 (M ), b 1 (M ), m(ω), and c(ω), where m(ω) is the number of minimal components and c(ω) is the maximum number of homologically independent compact leaves of ω.
Introduction and main results
The co-rank of a group G, also known as the inner rank, is the maximum rank of a free homomorphic image of G. In a sense, the co-rank is a notion dual to the rank; unlike the rank, the co-rank is algorithmically computable for finitely presented groups. This notion has been re-invented various times in different branches of mathematics, and its properties relevant for the corresponding particular task have been studied in different contexts. The notion of co-rank, called the inner rank there, was apparently first mentioned in [20] in the context of solving equations in free groups. The co-rank of the free product of groups was calculated using geometric [15] and algebraic [22] methods.
The co-rank is extensively used in geometry, especially in geometry of manifolds, as
the co-rank of the fundamental group π 1 (M ) of a manifold M . For example, it has been repeatedly shown to coincide with the genus g of a closed oriented surface: b 1 (M 2 g ) = g [8, 14, 17, 21] . In the theory of 3-manifolds, b 1 (M ) = c(M ) [15, 27] , the cut number: the largest number c of disjoint two-sided surfaces N 1 , . . . , N c that do not separate M , i.e., M (N 1 ∪ · · · ∪ N c ) is connected. It is related to quantum invariants of M 3 and gives a lower bound on its Heegaard genus [11] . Around 2001, J. Stallings, A. Sikora, and T. Kerler discussed a conjecture that for a closed orientable 3-manifold we have b 1 (M ) ≥ b1(M ) 3 , where b 1 (M ) is the Betti number. This conjecture was later disproved by a number of counterexamples, such as [12, 17] . In this paper we, in particular, give a complete characterization of possible pairs b 1 (M ), b 1 (M ) for any given dim M .
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In systolic geometry, every unfree 2-dimensional piecewise flat complex X satisfies the inequality SR(X) ≤ 16(b 1 (X) + 1)
2 [16] , where SR is the optimal systolic ratio. In the theory of foliations, for the foliation F ω defined on M Sing ω by a closed 1-form ω with the singular set Sing ω, it was shown that if b 1 (M ) ≤ 1 and codim Sing ω ≥ 3 with Sing ω contained in a finite union of submanifolds of M , then F ω has no exceptional leaves [18] . Foliations have numerous applications in physics, such as general relativity [4] , superstring theory [2, 3] , etc.
The notion of co-rank of π 1 (M ), the notation b 1 (M ), and the term the first non-commutative Betti number were first introduced in [1] to study Morse form foliations, i.e., foliations defined by a closed 1-form that is locally the differential of a Morse function on a smooth closed manifold M .
A Morse form foliation can have compact leaves, compactifiable leaves and minimal components [9] . In [1] , it was proved that if b 1 (M ) ≤ 2, then each minimal component of F ω is uniquely ergodic. At the same time, if b 1 (M ) ≥ 4, then there exists a Morse form on M with a minimal component that is not uniquely ergodic. If the form's rank
then the foliation F ω has a minimal component [19] ; here rk ω = rk Q [ω], where [ω] is the integration map.
Though the co-rank is known to be algorithmically computable for finitely presented groups [23, 26] , we are not aware of any simple method of finding b 1 (M ) for a given manifold. This value is, however, bounded by the isotropy index h(M ), which is the maximum rank of a subgroup in H 1 (M, Z) with trivial cup-product [24] . Namely, for a smooth closed connected manifold M one has ( [5, 8] )
, and for h(M ) there are simple estimates via b 1 (M ) and b 2 (M ) [25] .
For the connected sum of n-manifolds, n ≥ 2, apart from non-orientable surfaces, we have:
which for dim M ≥ 3 follows from the Mayer-Vietoris sequence and [22: Proposition 6.4], respectively. Also, for the direct product the Künneth theorem gives
In this paper, we show that the fourth combination is very different:
(Theorem 3.1), which completes the missing piece to allow calculating b 1 (M ) for manifolds that can be represented as connected sums and direct products of simpler manifolds. We give a complete characterization of the set of all possible combinations of b 1 (M ) and b 1 (M ) for a given n = dim M . Namely, for b , b ∈ Z, there exists a connected smooth closed n-manifold 
The paper is organized as follows. In Section 2, we give definitions of the Betti number b 1 and the non-commutative Betti number b 1 for groups and manifolds. In Section 3, we calculate
. In Section 4, we describe the set of possible combinations of b 1 (M ) and b 1 (M ) for a given dim M and, using the results of Section 3, we explicitly construct a manifold for any given valid combination of b 1 (M ) and b 1 (M ). Finally, in Section 5 we use the manifold constructed in Section 4 to describe the set of possible combinations of the number of minimal components and the maximum number of homologically independent compact leaves of a Morse form foliation.
Definitions
For a finitely generated abelian group G = Z n ⊕ T , where T is finite, its torsion-free rank, the Prüfer rank, or the first Betti number, is defined as b 1 (G) = rk(G/T ) = n. The notion of the first Betti number can be extended to any finitely generated group by
is the abelianization, or the first homology group, of the group G, and T(·) is the torsion subgroup. In other words: Definition 2.1. The first Betti number b 1 (G) of a finitely generated group G is the maximum rank of a free abelian quotient group of G, i.e., the maximum rank of a free abelian group A such that there exists an epimorphism φ : G A.
Consider a connected smooth closed manifold M . The first Betti number of M is the torsion-free rank of its first homology group H 1 (M ), i.e., of the first homology group of its fundamental group π 1 (M ):
A non-commutative analog of the Betti number can be defined as follows.
Definition 2.2. The co-rank corank(G) [17] , inner rank IN(G) [15] or Ir(G) [22] , or the first non-commutative Betti number b 1 (G) [1] of a finitely generated group G is the maximum rank of a free quotient group of G, i.e., the maximum rank of a free group F such that there exists an epimorphism φ : G F .
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The notion of co-rank is in a way dual to that of rank, which is the minimum rank of a free group allowing an epimorphism onto G. Unlike the rank, the co-rank is algorithmically computable for finitely presented groups [23, 26] .
The first non-commutative Betti number [1] of a connected smooth closed manifold M is defined as the co-rank, or inner rank, of its fundamental group:
Note that a similar definition for higher π k (M ) is pointless since they are abelian.
The co-rank of the fundamental group of the direct product
The Betti number b 1 (M ) is linear in both the connected sum and the direct product. While the non-commutative Betti number b 1 (M ) is linear in the connected sum, its behavior with respect to direct product is very different:
We will divide the proof into a couple of lemmas.
onto a free group F = Z factors through a projection.
and by the condition F 1 , F 2 = 1. Let a, b ∈ F 1 and c ∈ F 2 , c = 1. Since [a, c] = 1, we have a, c = Z as both free and abelian, so a, c ∈ x for some x ∈ F , and similarly b, c ∈ y for some y ∈ F . Then x, y = Z as a two-generator free group with a non-trivial relation x k = y l = c = 1, so x, y ∈ z for some z ∈ F . We obtain a, b ∈ z ; in particular, [a, b] = 1.
Thus F 1 is abelian, and similarly F 2 . Since [F 1 , F 2 ] = 1, we obtain that the non-trivial F = F 1 , F 2 is both free and abelian, thus F = Z. Remark 3.3. In fact this holds true for any (infinite) quantity of factors: any epimorphism φ : × α∈I G α F onto a free group F = Z factors through the projection onto one of G α .
Lemma 3.4. Let G 1 , G 2 be finitely generated groups. Then for the co-rank of the direct product,
Let us now show that m ≥ b 1 (G). Consider an epimorphism φ : G F onto a free group,
P r o o f o f T h e o r e m 3.1. For smooth connected manifolds M i , we have
and the desired fact is implied by Lemma 3.4.
In Section 4, we will use Theorem 3.1 to explicitly construct a manifold with arbitrary given b (M ) and b(M ). and thus
Indeed, since rk F ab = rk F for a free group F and a group epimorphism G F induces an epimorphism G F ab , necessarily
and since Z is both free and free abelian, 
we have
Using Theorem 3.1, we can generalize any specific example with given b 1 (M ) and b 1 (M ) to higher dimensions, as well as to increase the gap between b 1 (M ) and b 1 (M ):
This allows us to explicitly construct a manifold with given b 1 (M ) and b 1 (M ) of any given dimension, thus giving a simple constructive proof of Theorem 4.1 for dim M ≥ 3: 
and for b ≥ 2, generalize (4.6) to higher dimensions using Lemma 4.2:
Finally, as in (4.7), choose k i ≥ 1 such that
and take
By Theorem 4.1, in (4.2) both the lower bound (except for n = 1) and the upper bound (except for surfaces other than S 2 , RP 2 , and the Klein bottle) are exact for any given n. Both conditions (4.3) are impossible for n = 1 and both conditions (4.4) are impossible for n = 0.
In particular, the lower bound in (4.2) is achieved on S n , while (4.8) and (4.9) provide the lower bound in the inequality in (4.5). The upper bound b 1 (M ) = b 1 (M ) for n ≥ 3 is provided by (4.11) with b = b:
In general, b 1 (M ) = b 1 (M ) if and only if some (thus any) epimorphism
factors through a free group; T(·) is the torsion subgroup:
Proposition 4.4. For any group G, the following conditions are equivalent:
(ii) there exists an epimorphism
that factors through a free group; T ⊂ H 1 (G) is the torsion subgroup, (
(ii) ⇒ (iii): For any epimorphisms φ, h : G H there exists an automorphism ψ :
The composition of natural epimorphisms
is an epimorphism.
Application to the topology of foliations
The gap between b 1 (M ) and b 1 (M ) plays a role in the topology of foliations.
Useful facts about Morse form foliations
Consider a connected closed oriented n-manifold M with a Morse form ω, i.e., a closed 1-form with Morse singularities -locally the differential of a Morse function. The set of its singularities Sing ω is finite. This form defines a foliation F ω on M Sing ω.
Its leaves γ can be classified into compact, compactifiable (γ ∪ Sing ω is compact), and noncompactifiable. The set covered by all non-compactifiable leaves is open and has a finite number m(ω) of connected components, called minimal components [1] . Each non-compactifiable leaf is dense in its minimal component [13] . A foliation is called minimal if all its leaves are noncompactifiable, i.e., the whole M Sing ω is one minimal component.
Any compact leaf has a cylindrical neighborhood consisting of leaves that are diffeomorphic and homotopically equivalent to it [10] . Denote by H ω ⊆ H n−1 (M ) the group generated by the homology classes of all compact leaves of F ω . Since M is closed and oriented, H n−1 (M ) is finitely generated and free; therefore so is H ω . By [7: Theorem 4] , in H ω there exists a basis consisting of homology classes of leaves, i.e., F ω has exactly c(ω) = rk H ω homologically independent compact leaves. Proof. Consider a form ω constructed as shown in Figure 1 . It coincides with ω i outside a small area where M i are glued together. We assume that each ω i was locally distorted either in a minimal component or in a cylindrical neighborhood covered by homologous compact leaves. In the former case, since nearby leaves are dense on either side of the affected leaf, the distortion does not change the number of minimal components. In the latter case, even though the distortion "destroys" one compact leaf, the nearby leaves contribute the same value to H ωi . In either case, the new compact leaves introduced in the process are homologically trivial. Since the two sides are separated by compact leaves, each minimal component of ω lies either in M 1 or in M 2 , and thus m(ω) = m(ω 1 ) + m(ω 2 ). Similarly, homologically non-trivial leaves of ω are homologous to either leaves of ω 1 or leaves of ω 2 ; in particular, H ω = H ω1 ⊕ H ω2 and thus c(ω) = c(ω 1 ) + c(ω 2 ). and c(ω) . Let ω be a Morse form on a smooth closed orientable manifold M , dim M ≥ 2, defining a foliation with exactly c(ω) homologically independent compact leaves and m(ω) minimal components. The following inequalities have been proved independently: P r o o f. Consider a form ω constructed as shown in Figure 1 . It coincides with ω i outside a small area where M i are glued together. We assume that each ω i was locally distorted either in a minimal component or in a cylindrical neighborhood covered by homologous compact leaves. In the former case, since nearby leaves are dense on either side of the affected leaf, the distortion does not change the number of minimal components. In the latter case, even though the distortion "destroys" one compact leaf, the nearby leaves contribute the same value to H ωi . In either case, the new compact leaves introduced in the process are homologically trivial. Since the two sides are separated by compact leaves, each minimal component of ω lies either in M 1 or in M 2 , and thus m(ω) = m(ω 1 ) + m(ω 2 ). Similarly, homologically non-trivial leaves of ω are homologous to either leaves of ω 1 or leaves of ω 2 ; in particular, H ω = H ω1 ⊕ H ω2 and thus c(ω) = c(ω 1 ) + c(ω 2 ). Apart from a trivial foliation on S n , the proof is given by the following constructions. 
Relations between
b 1 (M ), b 1 (M ), m(ω),m(ω) + c(ω) ≤ b (M ) [8],(5.Lemma 5.3. On S k × S 1 , k ≥ 1,
